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O CB5I3H Me^K^y K09(})(J)Hi],HeHTaMH jiHHeiiHbix perpeccHOHHbix 

Mo^ejieft pa3Hoft pa3MepHOCTH 

B.r. riaHOB 

Hccjie^OBaHHe perpeccnoHHBix Mo^ejieli pa3JiHHHoro Tuna hbjihctch ojxhhm H3 ochob- 
hbix MeTo^oB Hccjie^oBaHHH 3aBHCHMocTH HenpepbiBHbix nepeMeHHbix, HecMOTpa Ha to, 

(N \ 

_ . hto caM MeTo/j; perpeccnoHHoro aHajiH3a HBjineTca: ojxhhm H3 caMtix cTaptix b apceHajie 

*-H 

TeopeTHHecKoii h npHKjiajjHOH cTaTHCTHKH [1] [5]. H/jen, npejjjio:>KeHHBie OTajiBTOHOM 
fljis peineHHH HHTepecoBaBinefi ero 3a/j;aHH [21 E], b flajiBHeHrneM nojiynnjiH rjiy6oKoe 
h pa3Hoo6pa3Hoe pa3BHTHe, npHBe/jiHee k co3JiaHHio perpeccnoHHoro aHajiH3a KaK ca- 
MOCT03TejibHofl MaTeMaTHiecKoft jxhchhhjihhbi. IIpH 3tom noTeHHHaji pa3BHTHH stoh 

H : 

jy^ , TeopHH jj,ajieKO He HcnepnaH, h ocTaiOTCH ninpoKHe bo3mo>khocth jijisi otkpbithh hobbix 

nojjxojj,OB, pa3BHTHH, o6o6meHHH h yrjiyGjieHHH HMeroiinixcH mctojiob h KOHHenuHft KaK 
b caMofl TeopHH perpeccnoHHoro aHajiH3a, Tax h b ero MHoroHHCjieHHBix npHjioxceHHax 

Ochobhbim MeTo^oM pernemiH BapHaunoHHOH 3a/j;aHH, KOTopaa (popMyjinpyeTCH B 
perpeccHOHHOM aHajiH3e, hbjihctch, KaK npaBHjio, MeTO/j; HaHMeHBHinx KBa/xpaTOB 1111 . 

B03MOJKHO, C Heo6xO/XHMBIMH o6o6lHeHHHMH, npO/XHKTOBaHHBIMH OCo6eHHOCTHMH nocTaB- 

o ' 
cn 

. KaaceTCH, He jjojixceH npHMeHHTBCH, — HanpHMep, b jiorHCTHHecKoft perpeccnn, — npn 

Hafljieacameit aflanTaHHH h o6o6ru;eHHH oh 0Ka3biBaeTCH BnojiHe cocTOHTejibHbiM, Hapajxy 



c MeTo^oM HanGojibHiero npaB/ionojioGHs: |12| |15|. 

IlpH Hcnojib30BaHHH perpeccnoHHoro aHajiH3a b npaKTHHecKofi pa6oTe b pacnopHxce- 
hhh Hccjie^oBaTejia nacTo HMeeTca tojibko o/xria Bbi6opKa, KOTopyio Ha/jo aHajiH3HpoBaTB 

BCeMH B03MOJKHBIMH MeTO^aMH JIJIH nOJiyHeHHH MaKCHMajIBHOH JICJCTynHOH HHCpOpMaiTHH. 

O/xria H3 thhhhhbix npo6jieM npHKjia/jHoro perpeccnoHHoro aHajiH3a coctoht b BBi6ope 
nojjxojiHiHero MHOJKecTBa npe/XHKTopoB [21 El E]. B jjjaHHOM cjiynae jijih Hac HeBa>KHo, 
hto 6yjjeT KpHTepneM ohchkh KanecTBa MO/jejiH c /j;aHHBiM mhojkcctbom npejjHKTopoB. 
Mbi 6yn;eM paccMaTpHBaTB tojibko jiHHenHBie Mo/iejiH nponcxoxcjieHHe h 3HaneHHe ko- 
TopBix jijis Hccjiejj;oBaTejiH He bxo/xht b Kpyr oGcyac/iaeMBix BonpocoB. CymecTBeHHO 
jihhib to, hto npn H3MeHeHHH MHo>Ke ctb a o6t.hch5hohi;hx nepeMeHHbix H3MeHHeTCH h ca- 
Ma perpeccHOHHaa Mo/iejiB. Cjiejj,OBaTejiBHo, B03HHKaeT 3ajj,ana onpe/jejieHHH HajiHHHH h 
xapaKTepa cbh3h Me>Kjjy mojjcjihmh c pa3HBiM Ha6opoM npe/jHKTopoB hjih jjoKa3aTejib- 
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PaccMOTpHM TOHHyio nocTaHOBKy 3an,aHH. IlpenBapHTejiBHo 3aMeTHM, hto HHHce Be3- 
,n;e Hcnojib3yeTCH cTaTHCTHHecKan TepMHHOJiornH (cjiynaHHBie nepeMemiBie, MaTeMara- 
necKoe OHCH,naHHe h t.h,.), xoth no cymecTBy penB hhct 06 annpoKCHMaHnn n,aHHBix 
jiHHeiiHBiMH Mo^ejiHMH c pa3JiHHHBiM hhcjiom nepeMeHHBix (npe^HKTopoB), h Haxoac^e- 
Hne ajireGpannecKHx cBH3en Mencny KOScpcpninieHTaMH sthx Mo^ejieft. TaKHM o6pa30M, 
paccMaTpHBaeMaa 3a,n,aHa HMeeT Gojibnie ajireGpaHHecKHii xapaicrep, neM BepoHTHocTHo- 
CTaTHCTHHecKHfl. OniiaKo, npencTaBjineTCH, hto Han6ojiee cymecTBeHHOH oGjiacTBio npn- 
jiojKeHHH n,oKa3aHHOH TeopeMbi 6yu;eT HMeHHo perpeccHOHHBiii aHajiH3, kbr b TeopeTH- 
necKoii Tax h b npHKjianHOH Hacra. n caMa 3an,aHa Gojiee ecTecTBeHHa hmchho b 

CTaTHCTHHeCKOM KOHTeKCTe. 

IlycTB 3a^aHBi cjiynaHHBie nepeMeHHBie Xi, X 2 , . . . , X n , Y, oTjinHHBie ot KOHCTaHTBi. 
B paccMaTpiiBaeMBix Hnnce jiHHeHHBix perpeccHOHHBix Monejiax cjiynaftHBie BejiHHHHBi 
Xi, X2, . . . , X n hbjihiotch cpaKTopaMH, c noMoiHBio kotopbix 6yn;eT onncBiBaTBCH H3Me- 
HeHne nepeMeHHoii-OTKjiHKa Y. B KanecTBe ypaBHeHHH, onncBiBaiomero cTaTHCTHHecicyio 
3aBHCHMocTB oTKjiHKa Y ot npeniiKTopoB Xi , X 2 , . . . , X n paccMOTpHM ypaBHeHne MHO- 
jKecTBeHHofl jiHHeflHoii perpeccHH 

n 

v = 60 + y] 6» s« (1) 

1=1 

IIoCTOHHHBie 60 j bi, . . . ,b n HBJIHIOTCH peHieHHHMH BapnaUHOHHOft 3a,n,aHH MHHHMH3a- 

hhh cpenHeKBanpaTHHHoro yKjioHeHHH (E — onepaTop MaTeMaTnnecKoro ojKH^aHHa) 



min E y-feo-Vtt (2) 

Bo MHoacecTBe oGt^hchhiohthx nepeMeHHBix nepeMeHHBix Xi, X 2 , . . . , X n 3acpHKcn- 
pyeM HeKOTopoe no/XMHOHcecTBo {X^, X i2 , . . . , X ik }. Tax xax, Boo6me roBopn, Mencny 

IiepeMeHHBIMH Xi, X 2 , . . . , X n B03MOHCHBI pa3JIHHHBie CTaTHCTHHeCKHe CBH3H, to HMeeT 

cmbicji paccMOTpeTB ypaBHeHHH MHOJKecTBeHHOH perpeccHH Meatfly caMHMH npe^HKTopa- 
mh, a HMeHHo, jiHHefiHBie ypaBHeHHH, BBipaHcaioni;He 3aBHCHMocTB KaHCfloft nepeMeHHoft 
Xi ot BBi6paHHoii cncTeMBi o6 r bflCH5nomirx nepeMeHHBix {X^, Xi 2 , . . . , Xi k } (Bee Koacp- 

(pHHHeHTBI 3THX ypaBHeHHH 3aBHCHT TaKHCe OT MHOHCeCTBa nepeMeHHBix {Xjj , X{ 2 , . . . , Xi k }) 

k 

x i = c i + ^ ^ %ij j i — 1) 2, . . . , n, (3) 
3=1 

rfle K09(pcpHii;HeHTBi coij, Cij hbjihiotch penieHHHMH Bapnan;HOHHOH 3a^anH 

min E Ij-Cj - V c M X . J , i, j = 1, 2, . . . , n (4) 
Ilpn 3tom 6y^eM cnnTaTB, hto ecjin i e {ii, i 2 , ■ ■ ■ , to q = 0, c^. = 5^. 
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HaKOHeii, MHoxcecTBeHHofl jiHHeflHofl perpeccneft 6yn;eM TaKace onncbiBaTb 3aBHcn- 
moctb nepeMeHHofl Y ot npe^HKTopoB {X^, Xi 2 , . . . , X ik } 

k 

U = ao + y^Qj,. Xj., (5) 
3=1 

rp,e K03<p(pHn;HeHTBi do, a^., k&k h ,zijih ^pyriix BapHanHOHHbix 3a^aH, hbjihiotcs perne- 

HHHMH 3a,HaHH MHHHMH3aHHH Cpe^HeKBa^paTHHHOrO yKJIOHeHHH 

min E - a - ^ a^X^ (6) 

IIpH oGbihhbix npe^nojioJKeHHHX (cm., HanpHMep, [TT| [HH [2D]) Kaac^aa H3 sthx 3a- 
flan HMeeT e^HHCTBeHHoe peineHHe, KOTopoe Haxo^HTCH H3 cooTBeTCTByromeH chctcmbi 
jiHHeftHBix ypaBHeHHii. 

PaccMaTpHBaeMaa HH>Ke 3a^aHa coctoht b Hccjie^oBaHHH cbh3h Mejfyry KoscpcpH- 
i^iieHTaMH BBe^eHHBix BBiine perpeccnoHHBix Mo^ejieft, T.e. cymecTByeT jih Kaxasi- jih6o 
CB33B Mex^y K03(p(pHu,HeHTaMH {a^ } , } , {c^ }? B HacraoM cxrynae npocTBix (nap- 
hbix) perpeccHOHHbix ypaBHeHHii Mesyry npe^HKTopaMH h Mexc^y otkjihkom h Kaxc^BiM 
H3 npe^HKTopoB 3Ta 3a^ana Gbijia nccjie^oBaHa b |21] . 

IIpo6jieMa H3yneHH5i cbh3h perpeccHOHHbix Mo^ejiefl pa3HOH pa3MepHocTH B03HHKjia 
H3 3a^aHH aHajiH3a cTaTHCTHHecKofl 3aBHCHMocTH npH3HaKOB npn COrjiaCOBaHHOM H3Me- 
h6hhh npe^HKTopoB b pa6oTax [22, 23J. TaM yae 6Bijia o6ocHOBaHa Heo6xo^HMocTb H3yne- 
HH2 Taxoro po^a sa^an b cbh3h c npo6jieMaMH Me,zrHKO-6HOjiorHHecKoro MOHHTopnHra. B 
pa6oTe |23j 6bijih npe^jioaceHBi ^Ba BapnaHTa corjiacoBaHHoro H3MeHeHH5i npe^HKTopoB 
{Xi, X 2 , ■ ■ ■ , X n }: nponopunoHajibHoe n KoppejiHHHOHHoe. B ,n,aHHOH paGoTe H3ynaiOTC5i 
cooTHoineHHH Meac^y KoscpcpnuneHTaMH MHOJKecTBeHHBix perpeccHOHHbix Mo^ejieii (pQ), 

(E]),© npH MHOJKeCTBeHHOH perpeCCHOHHOH 3aBHCHMOCTH npe^HKTopoB ([3]). 

Otmcthm, HexoTopbie ocoGchhocth nocTaBjieHHofi 3a^aHH. Bo-nepBbix, mm He pac- 
CMaTpHBaeM 3a^any cTaTHCTHnecKoro oHeHHBaHHH napaMeTpoB jiHHeiffloii perpeccnoH- 
hoh Mo^ejiH h cbh3h Me>K^;y cTaTHCTHHecKHMH oueHKaMH napaMeTpoB pa3Hbix Mo^ejiefi. 
B flaHHOM cnynae npe^MeTOM Hccjie^OBaHHH HBjiHeTCH cbh3b Meac^y perpeccnoHHbiMH 
K03(p(pHn;HeHTaMH Mo^ejieii c pa3HbiM mhojkcctbom npe^HKTopoB, KOTopbie Gmjih bmhhc- 
jieHbi no o^HOMy h TOMy ace MHOJKecTBy ^aHHbix. Cjie^oBaTejibHo, 3^ecb He B03HHKaeT 
BapnaTHBHocTb Bbi6opoHHbix ^aHHbix, ho no o^rnoii h toh yae Bbi6opKe noHBjisieTcs Ba- 
pnaTHBHocTb jiHHeHHbix Mo^ejiefl, 3aBHCHiixHx ot MHoxcecTBa BbiGnpaeM ,zijih onncaHHa 
npe^HKTopoB. Bo-BTopbix, He 3aTparHBaeTCH xoponio H3yneHHbiH Bonpoc KanecTBa (npo- 
BepKH rnnoTes) jiHHettHbix Mo^ejiett [2], [3], [Tl [16]. PerpeccHOHHbie Mo^ejin, KOTopbie Gmjih 
BBe^eHbi Bbinie, motjih noHBHTbca H3 caMbix pa3Hbix coo6pa>KeHHH, He o6a3aTejibHo npo- 
^hktob aHHBix KaKHM-jinGo KpHTepneM KanecTBa no^roHKH. B-TpeTbnx, ccpopMyjinpoBaH- 
Haa HH>Ke TeopeMa ^oxasaHa TOJibKo ^jih Toro cjiynaa, Kor^a K03(p(pHn,neHTbi perpeccn- 
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OHHBIX MO^ejiefl Hafl^eHbl o6L»IHHbIM (KJiaCCHHeCKHM) MeTOHOM HaHMeHBIHHX KBa^paTOB. 

Bcjie^cTBHe Toro, hto Bee bbihhcjichhh flejiaiOTca no o/XHOMy h TOMy ace MaccnBy ^aH- 
hbix, npHM6HeHH6 MHK b ^,aHHOM cjiynae hocht He eraTHCTHHecKHH, a annpoKCHManH- 
ohhbih xapaKTep. TaKHM o6pa30M, mojkho cxasaTb, hto ^oKa3 aHH an TeopeMa BBipancaeT 
cbohctbo caMoro MeTo^a HaHMeHBIHHX KBanpaTOB. 

3an,aHa onpenejieHHH CBH3H Menc/iy KoscpcpHirneHTaMH jiHHeHHBix perpeccnoHHBix mo- 
nejieft pa3Hon pa3MepHocTH, HacKojiBKo cMor ycTaHOBHTB aBTop, b hsjiohcchhoh BBinie 
nocTaHOBKe paHee He paccMaTpHBajiacB. IIo-BHiXHMOMy, npHHHHa 3Toro b tom, hto HHKa- 
koh cbh3h MejK/xy K03(p(pHH,HeHTaMH pa3JiHHHBix Mo^ejien He npe/xnojiarajiocB. Han6ojiee 
6jih3ko k paccMaTpHBaeMoii 3a^ane ctoht 3a^ana pacninpeHHH MHoacecTBa npe/XHKTo- 
poB, paccMOTpeHHasi BnepBBie b [T7] h o6o6meHHaH b |18| . H3jio:aceHHe sthx MeTOflOB ^aHo 
b [3J. 3n,ecB Ba>KHo otmcthtb, hto b pa6oTax |17| [T5] paccMaTpnBaeTcn 3a^;aHa onpe- 
^ejieHHH K03(pcpHH;HeHT0B ypaBHeHHH jiHHeliHOH perpeccHH npn npGaBjieHHH HeKOToporo 
MHOJKecTBa npe^HKTopoB TOJibKo fljia npGaBjineMBrx npe^HKTopoB, T.e. npe^HKTopbi npn 
CTapbix nepeMeHHBix coxpaHHioTCH TeMH >Ke, k&khmh ohh Gbijih 6e3 np6aBjieHHBrx ne- 
peMeHHBix. TaKHM o6pa30M, HOBan Moment «iiomhht» CBoe nponcxojKneHne h nosTOMy 

He HBJIHeTCH HHCTO HOBOH. B paCCMaTpHBaeMOH HHJKe 3a^aHe HHKaKOH HCXOflHOft CBH3H 

Mexc/xy Mo^ejiHMH c pa3JiHHHBiM MHOJKecTBOM npe/XHKTopoB He npe/xnojiaraeTCH, h Koscp- 

(pHILHeHTBI 3THX MO^ejiefl BBIHHCJIHIOTCH He3aBHCHMO APY r OT APY™ c nOMOIHBIO MeTO^a 
HaHMeHBHIHX KBaijpaTOB. 

KpoMe Toro, b perpeccnoHHOM aHajiH3e xopomo H3BecTeH MeTOfl nocTpoeHHH ypaB- 
HeHHH MHOJKecTBeHHOH perpeccHH nyTeM nocjie^OBaTejibHoro BKjnoHeHHH b ypaBHeHHe 
Kancnpn hoboh nepeMeHHoii [2J pa3n,eji 22.7]. CymecTBeHHyio pojiB b stom nonxone nr- 
paeT BbiHHCJieHHe perpeccHH ocTaTKOB Ha ocTaTKH, KOTopoe npHBo/xHT k 3HaHHTejibHOMy 
yBejiHHeHHio o6b.eMa BbiHHCJieHHii h HaKonjieHHio BBiHHCJinTejiBHon ohih6kh. B /xaHHOM 
cjiynae 3Toro He 6yn;eT TpeGoBaTBCH, Tax xax KoscpcpHinteHTBi ypaBHeHHH MHoncecTBeH- 
hoh perpeccHH oTKjiHKa mojkho nojiyHHTb nyTeM MaTpHHHoro yMHonceHHH nepe3 Koscp- 
(pHH^HeHTbi napHbix perpeccnoHHbix ypaBHeHHH, ecjin b KanecTBe hcxojxhbix perpeccHOH- 
hbix Mo^ejiefi (jSJ BBi6paTB BceB03M0HoiBie ypaBHeHHH npocTbix perpeccHH npe/XHKTopoB, 
a fljis MonejiH ([5]) (rjik Kancnpro npeniiKropa) b3htb TaKnce ypaBHeHHe npocToii perpec- 
cHH OTKjiHKa no flaHHOMy npejjHKTopy. B pa6oTe [21] sto oGcyncnaeTCH nojxpoGHee. 

ilepen, (popMyjinpoBKOH ocHOBHoro yTBepjK^eHHH npKanceM BcnoMoraTejiBHbie jieM- 
mbi. JXjik cjiynaHHOH BejiHHHHBi X o6o3HaHHM X cpe/xHee 3HaneHHe (MaTeMaraHecKoe 

OJKH^aHHe) 3TOH CJiyHaHHOH BejiHHHHBi. TaK KaK Mbl Gy^eM paCCMaTpHBaTb TOJIbKO ,h;hc- 

KpeTHbie cjiynanHbie BejiHHHHBi, to hhjkc bo Bcex cjiynanx cpe/XHee 3HaHeHne cootbct- 
CTByromen cjiynaHHOH BejiHHHHBi cymecTByeT. 

B COOTBeTCTBHH C MeTOflOM HaHMeHBHIHX KBaiXpaTOB [TT| IT§] penieHHe OnTHMH3aii;HOH- 

hbix 3ajj;aH , (|3j) , (jBJ) cbojxhtch k penieHHio cjieflyiomnx chctcm jihhchhbix ypaBHeHHH 
(X, X/ — MaTpni^Bi cHCTeM jiHHenHBix ypaBHeHHH, cooTBeTCTByiom;Hx sa^anaM (|2|), pi). 
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([6]), YX, XX/, YXj — cToji6n;bi cboGo^hmx hjichob sthx chctcm) 



B X = YX 



Cr ■ X; — XX; 



A/ • Xj = YX;, 



(7) 
(8) 
(9) 



r,n;e nepe3 I o6o3HaHeHo MHOJKecTBo HH^eKcoB BbiflejieHHofi cncTeMBi npe^HKTopoB I = 
i 2 , ■ ■ ■ , ik} h BBe^eHBi cjie^yromiie MaTpimti 

A/ = (a^, aj 2 , . . . , cii k )ixk', B = 62, ■ ■ ■ 5 &n)ixnj C/ = (c^^^nxfc, 

npHieM = ecjiH i £ I. 

3a(pHKcnpyeM HH^exc e / h paccMOTpiiM cjie^yiomyio KBa^paTHyio MaTpuny no- 
pa^Ka n + & + 2 (0 03HaHaeT HyjieByio MaTpuny pa3MepHocTH (n + 1) x A;) 



M 



r,n;e M — pacninpeHHaa MaTpnna chctgmbi ([7]) (MaTpnna pa3MepHocTH (n + 1) x (n+2)); 
iV — MaTpnna pa3MepHocTH (A; + 1) x (n + 2) 





/O 


x 1 


x 2 ■■ 


X n 


Y 









Xi 1 X 2 ■ 


■ X ix X n 


X n Y 


AT = 





Xi 2 Xi 


Xi 2 X 2 ■ 


• X i2 X n 


X i2 Y 



V X i h Xi X i k X 2 



Xi k X n X ik Y ) 



MaTpnna N{. HMeeT pa3MepHocTb (k + 1) x k n nojiynaeTcs H3 X/ (MaTpnnni cncTeM 
h dHD) BBinepKHBaHHeM CTOJi6n;a 



Xi x Xi j 



JleMMa 1. MaTpnna A Bbipoac^eHa. 

^OKa3aTejibCTBO. H3MeHeHiieM HyMepairnn npe,n;HKTopHBix nepeMeHHBix ,n;oKa3a- 
TejiBCTBo jieMMti mojkho cBecTH k cjiynaio I = {1,2, ... ,k}, ij = k. B tinman 113 i-oft 
CTpoKH 3Toro onpenejinTejis ero (n + i + l)-io CTpoxy, i = 1,2, . . . , k + I, & 3aTeM Bbinn- 
Taa H3 nepBoro cToji6na (n + 3)-ft CTOJi6en,, nojiynnM (nHn,6KcaMn yxasaHBi pa3MepHocTH 

COOTBeTCTByiOmHX MaTpnu,) 
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det(.A) 



0(fc+l)x(n+2) 
P(n-k)x(n+2) 



-N, 







(k+l)xk 
(n— k)xk 



(10) 



Q(k+l)x(n+2) ^(fc+ljxfc 

Tenept>, cHHTaa (pnKcnpoBaHHbiM, npoBe^eM HH/ryKirnio no n. MnHHMajibHo Aony- 
CTHMoe 3HaneHne fljia n paBHo k + 1, hjih = n — 1. Tor^a 



det(A) 







nx (n+2) 



-iV, 



nx (n— 1) 



Pi x(n+2) Olx(n-l) 

Qnx(n+2) N n x(n-l) 

PacKpbiBaa stot onpe^ejiHTejib no CTpoxe Px x (n+2), nojiynnM jiHHenHyio KOMGnHa- 
nnio onpe^ejiHTejiefl nopa^Ka 2n, HMeiomnx bhjj; 



Onx (n+l) 

Q' 



-N, 



nx (n— 1) 



nx (n— 1) 



'nx(n+l) 

CrpynnnpyeM sjieMeHTbi SToro onpe^ejiHTejia, npncoejjHHHB (n + l)-n CTOji6en; k 
ocTajiBHBiM n — 1 cToji6n,aM. B pe3yjitTaTe nojiynnM npe,n;cTaBjieHHe onpe^ejiHTejia b 
BH^e Gjiohhoh MaTpnnbi 



Onxn 


Onxl — ^nx(n-l) 


O" 


iV' 

nxn 



B flByx nocjie^HHx onpe,n;ejiHTejiax nepe3 Q' h Q" o6o3HaneHbi MaTpnnBi, KOToptie 
nojiynaiOTCH H3 MaTpnnBi Q BbinepKHBaHneM o/jHoro hjih ^Byx ctojiGuob cooTBeTCTBeH- 
ho. AHajiorHHHo MaTpnn,a N' nojiynaeTca H3 MaTpnnBi N ^o6aBjieHneM o/jHoro cToji6n,a 
(BtmepKHyToro H3 MaTpnnBi N). 

Tax Kax onpe^ejiHTejib, ctojhuhh b npaBOM BepxHeM yrjiy paBeH Hyjno, to h Beet 
onpe^ejiHTejib ( ITT]) paBeH Hyjno, hto ,noKa3BiBaeT cjiynan jicmmbi jjjia n = k — 1. 

IlycTB jieMMa ,noKa3aHa ^jih n ^ k + 2. PacxpoeM onpe/iejiHTejiB ( ITU]) no nepBon 
CTpoxe MaTpnnBi -P( n -/c)x(n+2)- Tor/ia nojiynnM JiHHenHyio KOMGnHannio onpe/jejiHTejien 
BH^a 



0(fc+l) x (n+l) —N(k+l)xk 
P(n-k-l)x(n+l) 0(n-k-l)xk 
l)x(n+l) N( k +l)xk 



'12) 



ConocTaBjiaa onpejiejinTejin (fT0|) n (fT2]) . 3aMenaeM, hto onpe^ejinTejit ( 1T2|) HMeeT 
BHfl onpe^ejiHTejia (TTO]) npn 3aMeHe n na n — 1. Cjie^oBaTejitHO, no npe^nojioaceHHio 
HH/xyKirnn, Bee sth onpe^ejinTejin paBHti Hyjno. JieMMa 1 jj;oKa3aHa. 

JJ,ji5i cpopMyjinpoBKH n ^;oKa3aTejibCTBa jieMMbi 2 HaM noHa^o6nTC5i TeopeMa Jlanjia- 
ca, KOTopyio ynp6Ho ccpopMyjinpoBaTb b Bn^e j2l] (cm. Taxace |25|). 
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IlycTb Q rjn — coBOKynHOCTb Bcex CTporo B03pacTaioiixHX nocjie^OBaTejibHOCTeii fljiH- 
hbi r H3 (1,2, . . . ,72,); A(^j = ^Q*'^'""'^) — onpeflejnrrejib noflMaTpninj MaTpnubi A, 
o6pa30BaHHofl nepeceneHHeM ctpok c HOMepaMH H3 a = (0.1,0.2, ■ ■ ■ -o r ) H ctojiGhob c 
HOMepaMH H3 (3 = (/3i/?2) • • • ,/3 r ) r A e o, /? — Ha6opbi H3 Q r>n ; A(^,) — onpeflejiHTejib 
no^MaTpiinii MaTpHHbi A, cTonmeH Ha nepece Hernia ctpok c HOMepaMH H3 a* h ctoji6h,ob 
c HOMepaMH H3 (3* , rj\e a* ,j3* — Ha6opti H3 Q n -r,ni AonojiHHTejiBHBie fljis HaGopoB a h /3 
cooTBeTCTBeHHo: a fl a* = 0, (3 fl (3* = 0, o U a* = (3 U j3* = {1, 2, . . . , n}; fljia jno6oro 

r 

Ha6opa j3 = (j3\, /3 2 , . . . , j3 T ) o6o3HanHM \(3\ = ^ fy. 

i=i 

TeopeMa Jlanjiaca. IlycTb A — KBa^paTHaa MaTpnija nopaflica n, 1 ^ r ^ n, a - 
(pHKcnpoBaHHaa nocjie^oBaTejiBHocTb H3 Q r , n - Tor^a 

det(A) = (-l)N £ (-l)l^(^g) 

Bo3BMeM r = n + 1, a — (1, 2, . . . , n, n + 1), a £ Q n +i,n+fc+2 H npHMeHHM k MaTpnue 
^4. TeopeMy Jlannaca. YHHTbiBaa: jieMMy 1, nojiynHM paBeHCTBo 



0= £ ( _ 1)M .^i,2,...^, n + iv v, + 2,...p + * + 2 y (13) 



n+l,n+fc+2 



r,n;e j3* — Ha6op, ,n,onojiHHTejibHbiH fljia HaGopa j3 b MHoacecTBe (1, 2, . . . , n + k + 2), t. e. 
/3U/3* = (l,2,...,n + A; + 2). 

JleMMa 2. KojiniecTBo Ha6opoB /3, fljia KOToptix npoH3Be,n,eHHe onpe^ejiHTejien b 
cyMMe (I13p otjihhho ot HyjiH, He Gojiee n + 1. 

^OKa3aTejn>CTBO. IlycTb (3 — HeKOTopbift Ha6op H3 Q n +i,n+k+2- Ecjih 1 He BXO^HT 

B j3, TO ^OnOJIHHTejIBHBIH Ha6op /3* HaHHHaeTCH C 1 H, CJie^OBaTejIBHO, 

V» + 2,..., B + * + 2\ 

Tax Kax b cHjiy cTpoeHHH MaTpHHbi A onpe^ejiHTejiB v 4^ n + 2 >---> n + A: + 2 ^ co^;ep>KHT HyjieBoft 
CTOJiGen; (3Be3^,OHKOH o6o3HaHeHbi Bee nncjia ^onojiHHTejibHoro HaGopa j3* , KpoMe 1). 
C flpyrofl GTopoHbi, ecjin b Ha6op (3 bxo^ht jno6oe H3 nnceji n + 3, n + 4, . . . , n + k + 2, 

TO 

'n + 2, . . . ,n + k + 2 N 



*4 ' ' „ =0, j = l,2,...,k 

\* n + j + 2 * J 

CjieflOBaTejibHo, b cyMMe ( 1T3]) HeHyneBbiMH MoryT 6bitb tojibko cjiaraeMbie, coot- 
BeTCTByiouxHe Ha6opaM f3 e Q n+ln+ fc +2 , KOTopbie HanHHaioTCH cli 3aKaHHHBaioTC3 He 
6ojiee neM Ha n + 2 . 

TaKHM o6pa30M, HHTepecyionpie Hac Ha6opbi (3 aojixchh HMeTb bh,h 

(l,/3 2 , . . . ,(3 n ,n+ 1) hjih (1,^2, ■ ■ ■ ,0 n ,n + 2) 
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Tax Kax nepBMfl Ha6op onpe^ejieH o^HcoHaHHo h paBeH (1,2, ... ,n, n + 1), to ocTa- 
eTCH ^;oKa3aTb, hto HaGopoB BToporo rana 6yneT pobho n. Hb sthx HaGopoB bbi^cjikm 
cjiynaH 

/ 9 = (l,2,...,n,n + 2) 
/fyia ocTajiBHtix HaGopoB paccMaTpiiBaeMoro THna cyrnecTByeT e^HHCTBeHHoe hhcjio z ot 

2 n, (BKJTfOTHTejIbHo) TaKoe, HTO 

Pj = j npn j = 1,2, 

A = z + 1, irpn j = z (14) 
/3j = i + 1 npn j = z + 1, z + 2, . . . , n + 1 

06o3HaHHM nepe3 bj nocjie^oBaTejibHocTb f3 G Q n ,+i,n+fc+2 ; onpe^ejiaeMyio ycjioBnaMii 
(lT4"j) . TaKHM o6pa30M, Ha6opoB (fT4"j) 6yneT pobho ctojibko, ckojibko 3HaHeHHH MoxceT 
npHHHMaTB HH^exc z b 3THX paBeHCTBax. Cjie^oBaTejiBHo, Bcero TaKirx Ha6opoB 6yn;eT 
n — 1 + 1 = n, hto h ^;oKa3biBaeT jieMMy. 

Kax HeTpyziHo no^cHHTaTb, fljia HaGopoB j3 H3 jicmmbi 2 HMeioT MecTo paBeHCTBa: 

1(1.2,. ...,,n + 1)| ^» +1) <" + 2) 

|(1,2,. ..,n,n + 2)| = (" +1 H" + 2 ) +1 

(n + 2)(n + 3) 

|(l,2,...,z-l,z + l,...,n + l,n + 2)| = ^ ^ ^ - z 

Tenepb ccpopMyjinpyeM h ,n;oKa>KeM ocHOBHoe yTBep:>K,n;eHHe. 

TeopeMa. Ecjih {ch^}, {bi}, {q,^} — peiiierfflH 3&r&h ([2]), (jlj), ([6]), to HMeeT MecTo 

paBeHCTBO 

n 

% = ^ bjCjj,. (15) 

i=l 

^OKa3aTejit.CTBO. BBe^eM cjie^ryroiHiift onpe^ejiHTejib (/c + l)-ro nopa^Ka (rjiaBHbift 
onpe^ejiHTejib chctcm ([S]) h 

5 = Det(X/) 

06o3HanHM nepe3 5^. onpe^ejiHTejib, KOTopbifi nojiynaeTcs H3 onpe^ejiHTejiH 5 3aMe- 
hoh (j + l)-ro CTOji6n;a ctoji6ii;om YX/ H3 cncTeMbi ([2]), j = 1, 2, . . . , k. Ilpn 3aMerie 
nepBoro CTOji6n;a onpeflejiHTejia 5 ctoji6ii;om YX/ nojiynuM onpe^ejiHTejib, KOTopbifi 
oGosHanHM 5q. Onpe^ejiHTejib d^. nojiynaeTca H3 onpe^ejiHTejia 5 3aMeHoii (j + l)-ro 
CTOJi6u,a ctojiGuom XX/ H3 cncTeMbi ([8]), z = 1, 2, . . . , n, j = 1, 2, . . . ,k. Ilpn 3aMeHe 
nepBoro cToji6u,a onpe^ejiHTejia 5 ctoji6ii;om cBoGo^Hbix hjichob cncTeMbi ([8]) nojiy^HM 
onpe^ejiHTejib <ij. rjiaBHbift onpe^ejiHTejib cncTeMbi ([7]) oGosimHHM A, a onpe^ejiHTe- 
jih Aj nojiynaioTcs H3 onpe,n;ejiHTejia: A 3aMeHoii (z + l)-ro cToji6u,a ctoji6ii;om YX H3 
cncTeMbi ([7]), z = 0, 1, . . . , n. 
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Mm 6yn;eM cnnTaTb, hto onpe^ejiHTejin 5 h A He paBHbi Hyjiio, t. e. penieHna sthx 
CHCTeM cymecTByioT h e^HHCTBeHHbi. Tor^a no cpopMyjiaM KpaMepa HMeioT MecTo pa- 
BeHCTBa 

A. 

(16) 
(17) 
(18) 

PaccMOTpiiM onpe^ejiHTejiH H3 paBeHCTBa (11 3 p c yneTOM jieMMti 2. HanoMHHM, hto 
H3 MaTpimti onpe^ejiiiTejia A, HMeromeH pa3MepHOCTB (/c+1)x(/c+1)h pacnojioaceHHofl 
b npaBOM HHJKHeM yrjiy 3Toro onpe^ejiHTejia, BbiGponieH cTOJiGen; 

/ x %j \ 



So 




a = j, 


<2j . = — 7- 


di 




*~ <T 






1 A, 


60 = A"' 


= -r 
A 



\ X ik Xi. ) 



HMeeM cjie^yromne paBeHCTBa 



-4 
-4 
-4 



1,2,.. 


.,n + l 


1,2,.. 


.,71 + 1 


1,2,.. 


.,71 + 1 


1,2,.. 


.,71 + 2 


1,2,.. 


.,71+1 



A, 
A n , 



A 



A 



Ai_i, 



n + 2,...,n + A; + 2 
n + 2,...,n + A; + 2 
n + 2, ...,n + A; + 2 
n + 1, n + 3, . . . , n + fc + 2 
n + 2, . . . ,72, + A; + 2 
z, n + 3, . . . , n + fc + 2 



-4 



(-1) J ^, 
( 1) d n ^ j. , 

(-l)- J '(Z i _i )i 



r,n,e fa; — Ha6op (JHJ), z = 2, 3, . . . , n. 



no^cTaBjiaH 3th BbipaaceHHa b paBeHCTBo (I13p . nojiynaeM 



1,2, . . . ,n,n + 1\ fn + 2,...,n + k + 2 



(ra + l)(n + 2) . (n+l)(n+2) 1 . 

=(-1) 5 A ■ (-1)^, + (-1) 3 + x A n • (-1)^-.+ 

/I 

+D- 1 ) 



(ra+2)(n + 3) 
2 



i=2 



, (n + l)(n + 2) ■ 

-1) 2 



= (-1) 



(n + l)(n + 2) . 
2 ""J 



+1 A ,_ 1 ■ (-1)^_ M . = 

n 

A • 5 l3 - A n ■ - ^(_i)"-«(_i)"-« A f _! • d 

i=2 
n 

A • 8 i:j - A n • d n<ij - ^2 ' ^i-i,' 



i—lij 



i=2 
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Cne,n;oBaTeji£>Ho, 

n 

A • S i:j = A n ■ d n>ij + 22 ' 

i=2 

/Jejia 3to paBeHCTBo Ha 5 ■ A, h yHHTBraaH paBeHCTBa p6j) - ()18|) . nojiy^HM 

hto h Tpe6oBajiocB ^;oKa3aTb. 

C HcnojiB30BaHHeM BBe^eHHBix nepefl jieMMoii 1 o6o3HaHeHHH 3Ta TeopeMa npiiHiiMa- 
eT Biifl 

A/ = B C/ 

3to oaHanaeT, hto KoscpcpiiiriieHTBi paBeHCTBa (JS]) nojiynaioTca H3 paBeHCTBa ([1]) cpop- 
MajiBHofl no^cTaHOBKofi npaBBix nacreA ypaBHeHHfi ((2]) c nocjie/xyioiiiHM npuBe^eHneM 
no^o6HBix. O^Haxo nocKOJiBKy Bee KoscpcpiiniieHTBi b ypaBHeHiiax ([I]), © HaxoflHT- 
cs H3 ycjioBHH mhhhmh3 ai^HH cooTBeTCTByiomero KBajjpaTHHHOrO (pyHKITHOHajia (J2J) 5 (S]) 3 
(J6]) , to ^,oKa3BiBaeMoe paBeHCTBo (TT5j) He HBjiaeTca: cjieflCTBHeM tojibko jiHHeftHBix ypaB- 

HeHHfl (ITlh ([2]), (151) . MOJKHO CKa3aTB, HTO paBeHCTBO ( |15P HBJIH6TCH CBOHCTBOM MeTOfla 
HaHM6HBHIHX KBaijpaTOB, C nOMOUXBK) KOTOpOTO HaXOflHTCH K03(p(pHn,HeHTBI ,b}~, C^j. . 

3to cbohctbo mojkho ccpopMyjinpoBaTB KaK ycjioBHe KOMMyTHpoBaHHH HaxojK^eHHH pe- 
nieHHH 3a^;aHH ([6]) c iiomoiixbio MeTOfla HaHMeHBHinx KBa/xpaTOB h MaTpHHHoro yMHOJKe- 

HHH. 

PaccMOTpHM HeKOTopBie cjiencTBHH ,noKa3aHHOH TeopeMBi. 
Cjie,n,CTBHe 1. Ecjih I = {i}, to 

n n 

cii = k+ 6jCji = 2j r ^e Qi = 1. 

i=i. jV« 3=1 

Cne^CTBHe 2. [21J. Ecjih KOS(p(pHH,HeHTBi at, Cij onpeflejieHBi fljia jhoGbix i,j (t. e. 
paccMaTpHBaioTCH npocTBie KoppejiHirHii Meac/iy napaMH npe/xiiKTopoB Xi,Xj h, coot- 
BeTCTBeHHo, npocTbie KoppejiHu,HH Y - no Xj, z = 1, 2 . . . , n), to HMeeT MecTo paBeHCTBo 

A = B ■ C, 

rpfi A = (dj)ixni B = (bj)i xn , C = \Cji) nxn . 

Cjie,n,CTBHe 3. [21J. Ecjih b ycjroBHsrx cjieflCTBHa 2 MaTpBn,a C o6paTHMa, to 

B = A- C- 1 

Cjie,zi,CTBHe 4. IlycTB {1, 2, . . . , n} = I\ U I2 U • • • U I m — oGte/piHeHiie HenepeceKa- 
k)ih;hxch mhojkcctb. IlycTB Aj j — cTpoxa KoscpcpHirHeHTOB (a/), / G ij. OGosHaniiM nepe3 
A cTpoxy K03(p(pnii,neHTOB, nojiyneHHyio nocjie,n,OBaTejibHbiM npiiniicBiBaHHeM ctpok A4. 
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cnpaBa k cTpoxe . AHajiornnHo nojiynnM MaTpnny C H3 MaTpnn, Cj. (nocjie,ri,OBaTejib- 
HbiM npncoe^HHeHHeM MaTpnn, Cj j cnpaBa k MaTpnne CjJ. Torjj;a 



A = B-C 

KoscJxpnnneHTBi aj mojkho onpe^ejiHTt He tojibko ^Jia cnynaa: j G I, ho h jijis 
Bcex j = 1,2, ... ,n. A hmchho, ecjin j ^ J, to no onpe^ejiemno 6yneM cnnraTB, hto 
aj = 0. 3to corjiacyeTca c TeM, hto b ypaBHeHnn (j^J) npncyTCTByioT tojibko cjiaraeMBie 
c K03(pcpHn;HeHTaMH a,j,j G I. Torjj,a cTpoxa A Bcerjj,a 6yn;eT hmctb pa3MepHocTB 1 x n. 

Taxace mojkho ecTecTBeHHo jj;oonpejj;ejiHTB 3HaneHHH KoscpcpnnneHTOB rjiz jiio6bix 
i, j = 1,2, . . . ,n cJie^yioinnM o6pa30M 

0, ecjin j I; 



5j, ecjin i,j G /; 
Cij, ecjin % G" J, j G I 

B nocjiejj;HeM cjiynae paBeHCTBo o3HanaeT, hto 3HaneHne Cjj Haxo/j;HTca: H3 chctcmbi ([8]), 
t. e. aBjiaeTca penieHneM cooTBeTCTByEomen onTHMH3annoHHOH 3ajj;anH (J4j). 

TaKHM o6pa30M, MaTpnn,a C npn jik>6om MHoacecTBe I 6yneT onpejj;ejieHa xax MaT- 
pnn,a pa3MepHocTH n x n. 

CjieflCTBue 5. Ecjih MaTpnnBi A, C onpejj;ejieHBi Tax, xax sto onncaHo BBinie, to 
jijis jnoGoro MHOJKecTBa / HMeeT MecTo paBeHCTBo 

A = B-C 

rjj,e B = (bi)ixn — MaTpnn,a KoscpcpnnneHTOB ypaBHeHHH MHoacecTBeHHofi perpeccnn ([1]). 

B 3aKjnoneHne aBTop xoTeji 6bi BBipa3HTB 6jiarojj;apHocTB npocpeccopy A.H. BapaK- 
CHHy 3a npnBjieneHne BHHMaHna k toh 3aMeneHHon hm hhcjioboh 3aKOHOMepHocTH, H3 
KOTopott Bbipocjia HacToamaa: paGoTa, a Tax>Ke jj,on;eHTy K).B. Harpe6enKon 3a BBicKa- 
3aHHBie 3aMenaHH3 n njiojj;oTBopHBie j^ncKyccnn no HexoTopBiM ajireGpannecKHM Bonpo- 
caM. 
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